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A method was p re sen ted  f o r  t h e  de t e rmina t ion  of  t u r b u l e n t  
t r a n s p o r t  c o e f f i c i e n t s  i n  multicomponent flows w h i c h  r e q u i r e s  a 
s i n g l e  d i f f e r e n t i a t i o n  of experimental  Y ,  Vz, H I  and p d a t a .  
Assumptions which a l low s i m p l i f i c a t i o n  of the  g e n e r a l  equa t ions  
of change, i . e . ,  c o n t i n u i t y ,  d i f f u s i o n ,  momentum, and energy 
e q u a t i o n s ,  w i thou t  the r e s t r i c t i o n  t h a t  aP/ar  = 0 w e r e  d i scussed .  
A c o n s t a n t  s t a g n a t i o n  temperature  was shown t o  be a p a r t i c u l a r  
s o l u t i o n  of  t h e  energy equat ion  when Le and P r  (and hence 
sc ) are  u n i t y .  




L i m i t a t i o n s  of t h e  method w e r e  i n v e s t i g a t e d  us ing  a t e s t  
case, i n  which assumed va lues  of t h e  t r a n s p o r t  c o e f f i c i e n t s  w e r e  
used t o  g e n e r a t e  downstream Y and V p r o f i l e s ,  and these computed 
p r o f i l e s  then  used i n  a n  at tempt  t o  reproduce t h e  o r i g i n a l l y  
assumed t r a n s p o r t  c o e f f i c i e n t s .  T h i s  t echnique  al lowed d i r ec t  
comparison of d e r i v e d  c o e f f i c i e n t s  w i t h  t h e  i n p u t  va lues .  
R e s u l t s  of these comparisons showed t h e  spac ing  of  t h e  d a t a  
p o i n t s  t o  be a c r i t i ca l  parameter,  b u t  t h a t  i n t e r p o l a t e d  v a l u e s  
cou ld  be used i n  conjunct ion  w i t h  o r i g i n a l  d a t a  p o i n t s  ( i f  
p r o p e r l y  smoothed). For t h e  t e s t  c a s e ,  i n  w h i c h  the 
r a d i u s  of  t h e  mixing r eg ion  cons idered  was 2 i n . ,  p o i n t  spac ings  
of 0 .02  i n .  appeared s u f f i c i e n t l y  close t o  y i e l d  reasonable  
r e s u l t s ;  whereas,  spac ings  of  0 .06 i n .  d i d  n o t .  
- 
Z 
An e s t i m a t e  of t h e  t u r b u l e n t  t r a n s p o r t  c o e f f i c i e n t s  f o r  
t h e  c a s e  of c o a x i a l  f r e e - j e t  mixing of subsonic  hydrogen w i t h  Mach 
1 .6  a i r  was ob ta ined ,  using da ta  o f  Reference 8,  a s  an a p p l i -  
c a t i o n  of the method presented  h e r e i n .  
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A r b i t r a r y  c o n s t a n t  used t o  s h i f t  o r i g i n  f o r  Laurent  series, f t  
S p e c i f i c  heat a t  c o n s t a n t  p r e s s u r e ,  ft-lbf/lbm-'R 
Molecular d i f f u s i v i t y ,  o r  d i f f u s i o n  c o e f f i c i e n t ,  ft3/eec 
Eddy d i f f u s i v i t y  of m a s s ,  f t a / s e c  
Eddy d i f f u s i v i t y  of heat ,  ft2/sec 
a 
Eddy d i f f u s i v i t y  of momentum, f t  /sec 
A r b i t r a r y  c o n s t a n t  used i n  Laurent  series 
Dimensional c o n s t a n t  , 32.174 lbm-ft/lbf-sec2 
S tagna t ion  en tha lpy ,  f t - lb f / lbm 
S t a t i c  en tha lpy  , f t- lbf / l b m  
T o t a l  mass f l o w  r a t e  w i t h i n  n t h  stream t u b e  d i v i d e d  by 2a 
(def ined  by Equat ion ( 1 2 )  ) , lbm/sec 
L e w i s  number, PC ~ . / k  
P =  
Turbulent  Lewis number, E / d .  Eh 
1 
Mach number 
S t a t i c  p r e s s u r e ,  l b f / f t2  
P r a n d t l  number , CpLl/k 
Turbulen t  P r  andt  1 number, Em/E 
R a d i a l  coord ina te ,  f t  
Coordinate  of w a l l  o r  c e n t e r l i n e ,  f t  
R a d i a l  coo rd ina te  of  s t r e a m l i n e ,  f t  
h 
Schmidt  number , p / , D i  
Turbulen t  S c h m i d t  number , 
Absolute  tempera ture ,  O R  












NOMENCLATURE (contd . ) 
Mass f r a c t i o n  
Axial c o o r d i n a t e ,  f t  
Eddy v i s c o s i t y ,  pEm, lbm/ft-sec 
Eddy thermal c o n d u c t i v i t y ,  OC %, ft-lbf/sec-ft- 'R 
Molecular shear v i s c o s i t y ,  lbm/ft-sec 
Turbulent  m a s s  t r a n s f e r  c o e f f i c i e n t ,  FEd ,  lbm/ft-sec 
Dens i ty ,  l b m / f t 3  
D i s s i p a t i o n  f u n c t i o n ,  ft-lbf/ft3-sec 
A r b i t r a r y  f u n c t i o n  
- 
P 
S u b s c r i p t s  
e E x t e r n a l  ( a i r )  stream 
i P a r t i c u l a r  molecular  (or atomic) species 
j Je t  (Hydrogen) stream 
r R a d i a l  component 
S St reaml ine  
T Turbulent  
t T o t a l  o r  s t a g n a t i o n  
W W a l l  
z Axial component 
Arrows deno te  v e c t o r s :  
f l u c t u a t i n g  q u a n t i t i e s .  
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M I X I N G  I N  SUPERSONIC FLOW 
I. INTRODUCTION 
A basic unders-anding of t u r b u l e n t  mixing i s  important  f o r  a 
wide r ange  of c u r r e n t  a p p l i c a t i o n s ,  i nc lud ing  supersonic  combustion 
ramjet engines  and flows about launch and r e e n t r y  v e h i c l e s .  For 
example i n  a supersonic  combustor employing a d i f f u s i o n  flame where 
mixing i s  the c o n t r o l l i n g  mechanism, p r e d i c t i o n  of t h e  mixing i s  
c r i t i c a l  t o  an understanding of t h e  combustion phenomenon. I n  a 
hydrogen fue led  upper stage v e h i c l e ,  i n  which hydrogen i s  vented 
du r ing  t h e  launch phase,  knowledge of  t h e  mixing i s  necessary  f o r  
the  e v a l u a t i o n  of p o t e n t i a l  hazards  t o  the v e h i c l e .  
Unfo r tuna te ly ,  no formal  t h e o r e t i c a l  development f o r  p r e d i c t i n g  
mixing i n  complex t u r b u l e n t  flows i s  c u r r e n t l y  a v a i l a b l e  so t h a t  a 
phenomenological approach must be app l i ed .  Such approaches (e.g., 
P r a n d t l  ' s mixing theo ry ,  R e i c h a r d t  ' s i n d u c t i v e  t h e o r y ,  and von 
Karman's s i m i l a r i t y  hypo thes i s )  have been used over t h e  y e a r s  as a 
means f o r  t r e a t i n g  specific mixing problems . More r e c e n t l y  va r ious  
eddy v i s c o s i t y  models have been proposed e I n  some cases s o l u t i o n  
of t u - b u l e n t  mixing problems have been obta ined  by i n c o r p o r a t i n g  
t h e s e  models i n t o  a f i n i t e  d i f f e r e n c e  technique  f o r  s o l v i n g  the 
1 
2-5 
a p p r o p r i a t e  equa t ions  2,6,7 
An a l t e r n a t i v e  approach h a s  been cons idered  by s e v e r a l  inves-  
t i g a t o r s  i n  which exper imenta l  d a t a  are used t o  determine t u r b u l e n t  
t r a n s p o r t  c o e f f i c i e n t s  . These c o e f f i c i e n t s  g e n e r a l l y  are app l i c -  
able on ly  f o r  the p a r t i c u l a r  experimental  c o n d i t i o n s  f o r  w h i c h  t h e y  
have been determined. They are u s e f u l  for e v a l u a t i n g  the degree  of 
mixing obta ined  wi th  a p a r t i c u l a r  t e s t  geometry, and f o r  comparing 
d i f f e r e n t  geometr ies  and f l o w  cond i t ions ;  however, t h e i r  major use- 
f u l n e s s  u l t i m a t e l y  should be c o r r e l a t i o n  of supersonic  mixing d a t a  so  
t h a t  p r e d i c t i o n s  can be made, a t  l e a s t  w i t h i n  t h e  r ange  of v a r i a b l e s  




I n  References 8 and 9 t h e  assumption w a s  made tha t  normalized 
c o s i n e  p r o f i l e s  adequate ly  r e p r e s e n t e d  b o t h  c o n c e n t r a t i o n  and 
v e l o c i t y  d a t a  a t  r e g i o n s  downstream of t h e  p o t e n t i a l  core of  a 
c o a x i a l  supersonic  j e t .  These f i t t e d  p r o f i l e s  w e r e  d i f f e r e n -  
t i a t e d  t w i c e  and used i n  the de te rmina t ion  of t h e  t r a n s p o r t  co- 
e f f i c i e n t s ,  
mate experimental  d a t a  i n  r e g i o n s  i n  which s i m i l a r i t y  between 
r a d i a l  concen t r a t ion  p r o f i l e s  and between v e l o c i t y  p r o f i l e s  ex is t s  , 
Hinze12 shows t h a t  t r u e  s i m i l a r i t y  does not e x i s t  f o r  the g e n e r a l  
case considered i n  References 8 and 9 ,  i n  which the v e l o c i t y  of 
t h e  j e t  and t h e  e x t e r n a l  stream are of t h e  s a m e  g e n e r a l  magnitude, 
i .e . ,  t h e i r  v e l o c i t i e s  are s i g n i f i c a n t l y  d i f f e r e n t  b u t  n e i t h e r  
stream i s  qu ie scen t .  S ince  c o s i n e  p r o f i l e s  a re  only  an approxima- 
t i o n  f o r  t h e s e  d a t a ,  s l o p e s  obta ined  by d i f f e r e n t i a t i n g  t h e m  might 
n o t  adequately r e p r e s e n t  t r u e  loca l  v a r i a t i o n s  of t h e  exper imenta l  
d a t a ,  and the v a l i d i t y  of t r a n s p o r t  c o e f f i c i e n t s  de r ived  by t h i s  
procedure must be ques t ioned .  
Although cos ine  p r o f i l e s  may reasonably  w e l l  approxi-  
For t h i s  r eason ,  an a l t e r n a t i v e  approach w a s  s e l e c t e d  i n  
References 10 and 11, i n  which t r a n s p o r t  c o e f f i c i e n t s  w e r e  deter- 
mined by a s i n g l e  numerical  d i f f e r e n t i a t i o n  of exper imenta l  con- 
c e n t r a t i o n ,  v e l o c i t y ,  and d e n s i t y  p r o f i l e s  ob ta ined  a t  t h r e e  or 
more axial s t a t i o n s ;  t h i s  approach i s  n o t  l i m i t e d  t o  r e g i o n s  w h e r e  
s i m i l a r i t y  e x i s t s  i n  t h e  flow. Polynomials w e r e  f i t t e d  through 
f i v e  c l o s e l y  spaced d a t a  p o i n t s  and t h e  r e q u i r e d  d e r i v a t i v e s  
obta ined  by d i f f e r e n t i a t i n g  t h e  polynomial u s ing  a f i v e - p o i n t ,  
second-order running smoothing rou t ine13 .  
second d e r i v a t i v e s  w a s  overcome by i n t e g r a t i n g  the equa t ions  of 
change once i n  the r a d i a l  d i r e c t i o n  f r o m  a boundary t o  a stream- 
l i n e .  Experimental r e s u l t s  w e r e  l i m i t e d  t o  the case of s o n i c  
The need f o r  e v a l u a t i n g  
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r a d i a l  and a x i a l  i n j e c t i o n  of c o l d  hydrogen through c i r c u m f e r e n t i a l  
w a l l  s l o t s  i n t o  c o l d  Mach 2 and 3 a i r  streams. The energy equa t ion  
w a s  n o t  cons idered  i n  d e t a i l  i n  t h i s  i n v e s t i g a t i o n  s i n c e  measure- 
ments showed the s t a g n a t i o n  tempera ture  remained approximately 
c o n s t a n t  th roughout  the mixing r eg ion .  T h e  v a l i d i t y  o f  t he  re- 
s u l t i n g  c o e f f i c i e n t s  w a s  tes ted us ing  a numerical  i n t e g r a t i o n  
t echn ique  (Crank-Nicolson) i n  w h i c h  t he  t r a n s p o r t  c o e f f i c i e n t s  and 
r a d i a l  v e l o c i t y  w e r e  used i n  s o l v i n g  the d i f f u s i o n  and ax ia l  momentum 
e q u a t i o n s  both separately and s imul taneous ly .  Agreement between com- 
puted  and exper imenta l  c o n c e n t r a t i o n  and v e l o c i t y  p r o f i l e s  a t  s e v e r a l  
downstream axia l  s t a t i o n s  w a s  cons idered  s a t i s f a c t o r y  ev idence  t h a t  
v a l i d  eddy c o e f f i c i e n t s  had been  de r ived  from the  exper imenta l  pro- 
f i l e s .  O f  cou r se ,  agreement between computed and expe r imen ta l  p r o f i l e s  
merely demonst ra tes  the cons i s t ency  o f  t he  eddy c o e f f i c i e n t s  w i t h  t h e  
o r i g i n a l  p rof i les  from which t h e y  w e r e  d e r i v e d .  
. .  The a n a l y s i s  p re sen ted  herein for  coaxial  injsction is m o r e  
g e n e r a l  t h a n  t h a t  p r e v i o u s l y  r e p o r t e d ,  s i n c e  r a d i a l  i n t e g r a t i o n  o f  t h e  
g e n e r a l  axisymmetric d i f f u s i o n  and momentum e q u a t i o n s  as w e l l  as t h e  
s i m p l i f i e d  e q u a t i o n s ,  and a de t a i l ed  t r e a t m e n t  of t h e  energy equa t ion  
are cons ide red .  I n  a d d i t i o n ,  a n a l y s i s  of  a t e s t  case i s  p resen ted  
w h i c h  c l a r i f i e s  c e r t a i n  p o i n t s  of t h e  numerical  d a t a  hand l ing  t echn iques .  
I n  t h i s  t es t  case, assumed va lues  of t h e t r a n s p o r t  c o e f f i c i e n t s  w e r e  
used t o  g e n e r a t e  downstream concen t r a t ion  and v e l o c i t y  p r o f i l e s ,  and 
these computed p r o f i l e s  t h e n  used i n  an attempt t o  reproduce  t h e  
o r i g i n a l l y  assumed t r a n s p o r t  c o e f f i c i e n t s .  Using t h i s  t echn ique ,  t h e  
d e r i v e d  c o e f f i c i e n t s  could  be compared d i r e c t l y  w i t h  t he  i n p u t  v a l u e s .  
Unfo r tuna te ly ,  no completely adequate  expe r imen ta l  d a t a  w e r e  
a v a i l a b l e  f o r  u se  fo r  t'he de te rmina t ion  of  t r a n s p o r t  c o e f f i c i e n t s  f o r  
the case o f  i n t e r e s t  o f  supe r son ic ,  c o a x i a l ,  f ree- je t  mixing. H o w e v e r ,  
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exper imenta l  da ta  p re sen ted  i n  Reference 8 ,  w h i c h  g e n e r a l l y  con- 
t a i n e d  f i v e  or s i x  r a d i a l  exper imenta l  d a t a  p o i n t s  a t  f i v e  o r  s i x  
a x i a l  s t a t i o n s ,  could be used as a f irst  approximation i f  a d d i t i o n a l  
p o i n t s  w e r e  generated by i n t e r p o l a t i o n .  Ana lys i s  of  these d a t a  i s  
p resen ted  i n  t h e  Appendix as an a p p l i c a t i o n  of the method p resen ted  
h e r e i n .  Since any e r r o r s  i n  the o r i g i n a l  p o i n t s  would be t r a n s -  
mi t t ed  t o  the i n t e r p o l a t e d  p o i n t s ,  d i s c r e p a n c i e s  i n  t h e  o r i g i n a l  
p o i n t s  would be magnified when t h e  r e s u l t i n g  p r o f i l e s  w e r e  d i f f e r -  
e n t i a t e d .  For t h i s  r eason ,  no a t tempt  w a s  made t o  u t i l i z e  t h e s e  
d a t a  f o r  ob ta in ing  even an empi r i ca l  mixing model ;  on ly  s i m p l i f i e d  
t r e n d s ,  suggested by smoothing the r a w  t r a n s p o r t  c o e f f i c i e n t s ,  
w e r e  obtained.  F o r t u n a t e l y ,  t h e s e  t r e n d s  w e r e  shown t o  be reason-  
ab ly  c o n s i s t e n t  w i t h  the o r i g i n a l  exper imenta l  d a t a  because com- 
puted and experimental  concen t r a t ion  and v e l o c i t y  p r o f i l e s  agreed 
cpite w e l l  a t  each downstream a x i a l  s t a t i o n  a t  w h i c h  exper imenta l  
d a t a  w e r e  a v a i l a b l e .  Of cour se  closely-spaced a c c u r a t e  expe r i -  
mental  d a t a  w i l l  be r e q u i r e d  i n  f u t u r e  w o r k  t o  o b t a i n  d e t a i l e d  v a r i -  




Genera l ly ,  the  s t a r t d g  p o i n t  i n  t u r b u l e n t  a n a l y s e s  i s  the 
hypothesis t ha t  the Navier-Stokes e q u a t i o n s  and the other equa- 
t i o n s  of change are s a t i s f i e d  by ins t an tan taneous  v a l u e s  o f  the 
v e l o c i t y ,  c o n c e n t r a t i o n ,  and d e n s i t y .  However, a group of French 
s c i e n t i s t s r e c e n t l y  has ob jec t ed  t o  t h i s  h y p o t h e s i s ;  t h e y  f ee l  t h a t  
s i n c e  a t u r b u l e n t  v e l o c i t y  f i e l d  i s  i n  "pure  chaos", the i n s t a n -  
t aneous  v e l o c i t y  of a pa r t i c l e  of f l u i d  could  n o t  be s u f f i c i e n t l y  
r e g u l a r  t o  s a t i s f y  a system of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  . 
O f  c o u r s e ,  the same o b j e c t i o n  c a n  be a p p l i e d  t o  u s e  of  t he  t u r b u l e n t  
c o n t i n u i t y ,  d i f f u s i o n ,  and energy e q u a t i o n s .  Unfo r tuna te ly ,  no 
s u b s f f t u t e  f o r  these e q u a t i o n s  has  been proposed,  so t h a t  it i s  
necessa ry  t o  accept t h e m  as the s t a r t i n g  p o i n t  i n  t u r b u l e n t  
a n a l y s e s ,  a t  l eas t  as t h e  best approximation a v a i l a b l e .  
14 
14 P a i  states tha t  the  f i n a l  and l o g i c a l  s o l u t i o n  of  the 
t u r b u l e n c e  problem w i l l  r e q u i r e  a p p l i c a t i o n  of the methods of  
s t a t i s t i c a l  mechanics.  This approach would r e q u i r e  expres s ing  
the t u r b u l e n t - t r a n s p o r t  r a t e  of  a t r a n s f e r a b l e  q u a n t i t y  comple te ly  
i n  t e r m s  of s t a t i s t i c a l  f u n c t i n n s  ~f t3e turbulent v e l o c i t y  f i e l d  
and of boundary or i n i t i a l  c o n d i t i o n s .  U n t i l  such a character- 
i z a t i o n  i s  a v a i l a b l e ,  any s o l u t i o n  of t r a n s p o r t  problems must be 
incomple te  and a t  best approximate (i .e. , semiempirical) 15. Also 
before a r a t i o n a l  s t a t i s t i c a l  theo ry  of  t u r b u l e n c e  can  be developed 
a long  the l i n e s  of c lass ica l  s t a t i s t i c a l  mechanics,  it i s  necessa ry  
t h a t  uniqueness  and e r g o d i c  theorems be e s t a b l i s h e d  as t h e y  have 
for  the case of c lass ica l ,  s t a t i s t i ca l  mechanics . 14 
Since  the Navier-Stokes equa t ions  are n o n l i n e a r ,  the proof 
of  a g e n e r a l  un iqueness  theorem i s  ext remely  d i f f i c u l t ,  i . e . ,  
tha t  a g i v e n  i n i t i a l  s t a t e  of  a system a t  a p a r t i c u l a r  t i m e  w i l l  
un ique ly  de te rmine  i t s  s t a t e  a t  any o t h e r  t i m e .  I n  exper imenta l  
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i n v e s t i g a t i o n s  t ime-average q u a n t i t i e s ,  w h i c h  depend on a p a r t i c u l a r  
ensemble, are used almost e x c l u s i v e l y  because i n  p r a c t i c e  it i s  
impossible t o  o b t a i n  s t a t i s t i c a l  averages expe r imen ta l ly ;  however, 
i n  t h e o r e t i c a l  i n v e s t i g a t i o n s  s t a t i s t i c a l  averages ( i - e . ,  
ensemble averages) almost always are used. The e rgod ic  theorem 
of c l a s s i c a l  s t a t i s t i ca l  mechanics states the s u f f i c i e n t  c o n d i t i o n s  
f o r  the e q u a l i t y  of these t w o  k i n d s  of averages  f o r  almost a l l  
samples. Unfortunaely,  no e rgod ic  theorem has been proved i n  f l u i d  
mechanics; however, the assumption t ha t  t w o  averages  are e q u i v a l e n t  
i s  f r e q u e n t l y  made . 
Therefore ,  i n  a t t a c k i n g  p r a c t i c a l  t u r b u l e n t  mixing problems, 
14 
i n s t a n t a n e o u s  q u a n t i t i e s  are re so lved  i n t o  time-averaged and f l u c t u -  
a t i n g  q u a n t i t i e s ,  s u b s t i t u t e d  i n t o  t h e  a p p r o p r i a t e  equa t ions  of 
change and time-averaged term-by-term. Some s impl i -  
f i c a t i o n  of  t h e  r e s u l t i n g  equa t ions  i s  obta ined  by  assuming t h a t  
i n  a d d i t i o n  t o  f l u c t u a t i o n s  of v e l o c i t y ,  d e n s i t y ,  p r e s s u r e ,  and 
tempera ture  (or e n t h a l p y ) ,  there are f l u c t u a t i o n s  of m a s s  f l u x  
[ i .e . ,  ( p 3 )  ] regarded as a s i n g l e  p rope r ty .  Th i s  s i m p l i f i c a t i o n ,  
w h i c h  a l lows  the  s t eady  s t a t e  c o n t i n u i t y  equa t ion  t o  be s a t i s f i e d  
b y  b o t h  time-average and f1 ,uc tua t ing  components f the  m a s s  f l u x ,  
w a s  f i r s t  employed by Van D r i e s t  i n  h i s  a n a l y s i s  of t u r b u l e n t  com-  
pressible boundary l a y e r  flow (e.g. Reference 16 . Appl i ca t ion  
of  these techniques  t o  the s t e a d y ,  axisymmetric,  equa t ions  of 
change y i e l d s "  
* D e t a i l s  of t h e  method are p resen ted  i n  Reference 10.  
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( 7 )  * 
Because o f  i t s  complexi ty ,  Equat ion ( 5 )  i s  w r i t t e n  i n  t e r m s  of  Reynolds 
t r a n s p o r t  t e r m s  r a t h e r  t h a n  t u r b u l e n t  t r a n s p o r t  c o e f f i c i e n t s ;  
it must be s i m p l i f i e d  before it may be app l i ed  t o  
p rac t i ca l  problems. For the  g e n e r a l  case of  subsonic  f low and both  
subsonic  and supersonic  boundary l a y e r  f low,  t u r b u l e n t  t r a n s p o r t  co- 
e f f i c i e n t s  u s u a l l y  are de f ined  so t h a t  t h e  Reynolds t r a n s p o r t  t e r m s  
c a n  be rep laced  i n  the  t u r b u l e n t  e q u a t i o n s  of change p r e s e r v i n g  the  
laminar  form of these equa t ions .  Of c o u r s e  t h i s  s u b s t i t u t i o n  i s  
a rb i t r a ry  and r e a l l y  can  be j u s t i f i e d  o n l y  i f  these c o e f f i c i e n t s  prove  
t o  be a more u s e f u l  r e p r e s e n t a t i o n  t h a n  t h e  o r i g i n a l  Reynolds t r a n s p o r t  
t e r m s .  Because of t h e  complexi ty  of the  momentum e q u a t i o n s , f o u r  
a r b i t r a r y  c o e f f i c i e n t s  of  eddy v i s c o s i t y  w e r e  de f ined  i n  o rde r  t o  pre- 
s e r v e  the laminar form of t h e  equa t ions .  
* The a x i a l  d i s p e r s i o n  c o e f f i c i e n t  i s  f r e q u e n t l y  d e f i n e d  i n  a s imi l a r  
1 7  
manner t o  E . d 




















Unfor tuna te  l y  , 
proposed f o r  measur 
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a t  p r e s e n t  no exper imenta l  p rocedure  has been 
ng the  t r a n s p o r t  c o e f f i c i e n t s  de f ined  i n  Equat,ons 
(6)  t o  (11) d i r e c t l y .  O f  c o u r s e ,  i f  one o f  the  c o e f f i c i e n t s  i n  each 
equa t ion  w e r e  cons ide rab ly  less important  t h a n  the other ,  so tha t  it 
could  be n e g l e c t e d ,  each of t h e  remaining t e r m s  i n  the  e q u a t i o n s  
m i g h t  be eva lua ted  u s i n g  experimental d a t a ,  and the miss ing  c o e f f i c i e n t  
de te rmined .  One i n t e g r a t i o n  o f  Equations (1) t o  (5)  would e l i m i n a t e  
the d i f f i c u l t  t ask  of o b t a i n i n g  a c c u r a t e  second d e r i v a t i v e s  of the  
expe r imen ta l  data .  T h i s  r e s u l t  can be accomplished by  i n t e g r a t i n g  
the  e q u a t i o n s  once i n  the r a d i a l  d i r e c t i o n  between a boundary and a 
s t r e a m l i n e ,  i . e . ,  a l i n e  bounding a f i x e d  m a s s  f low des igna ted  r ( n ) .  
The v a l u e s  of r (n)  are found f o r  a number of t e s t - s e c t i o n  
l e n g t h s  and v a r i o u s  v a l u e s  of  t h e  c o n s t a n t  k by a numerical  evalu-  






where r d e s i g n a t e s  e i ther  the  c e n t e r l i n e  o r  a s t r e a m l i n e  i n  the free 
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s i n c e  no m a s s ,  momentum, nor energy,  d i f f u s e  i n  the  free stream, and 
the c e n t e r l i n e  i s  an a x i s  of  symmetry. Equat ion (12 )  shows t h a t  there 
w i l l  be no n e t  f l u x  of  m a s s  across r (n)  by  convec t ion ,  a l though b o t h  




Mul t ip ly ing  each t e r m  i n  the c o n t i n u i t y  e q u a t i o n ,  Equat ion (I), 
by  r d r ,  i n t e g r a t i n g  from either the f r e e  stream or the c e n t e r l i n e  
t o  r and a p p l i c a t i o n  of the g e n e r a l i z e d  L i e b n i t z  formula f o r  i n t e r -  
changing the order  of d i f f e r e n t i a t i o n  and i n t e g r a t i o n  y i e l d s  
S 
But Equat ion (12 )  r e q u i r e s  t ha t  the second t e r m  on the l e f t  be z e r o ,  
s o  t h a t  r 
S 
Equat ions ( 2 )  t o  (4) may be i n t e g r a t e d  i n  a s i m i l a r  manner. 
Using Equation (15 )  there r e s u l t s  
D i f fus ion  Equat ion 
R a d i a l  Momentum Equat ion 
Axial Momentum Equat ion 
TR 592  
Page 11 
I \ 
The momentum f l u x  t e r m s  i n  Equat ions ( 1 7 )  and (18) are z e r o  fo r  
t h e  l i r r i t  r* = 0 ;  however, t h e y  are n o t  n e c e s s a r i l y  z e r o  i n  t he  f r e e  
stream ' ecause  can  be f i n i t e ,  and therefore,  ?r/3z # 0. r 
Because of i t s  complexity, Equat ion ( 5 ) ,  the  energy  w a s  n o t  
i n t e g r a t e d  u n t i l  a f t e r  t h e  s i m p l i f i c a t i o n  d i s c u s s e d  below. 
F o r t u n a t e l y ,  i n  cases where t he  s t a g n a t i o n  t empera tu re  does n o t  
v a r y  s i g n i f i c a n t l y  i n  t he  mixing r e g i o n ,  it i s  not necessa ry  
t o  c o n s i d e r  the  energy equat ion  a t  a l l .  
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111, SIMPLIFIED ANALYSIS 
S ince  s i x  t u r b u l e n t  t r a n s p o r t  c o e f f i c i e n t s  occur i n  Equat ions  
(15) t o  (18), t h e r e  are i n s u f f i c i e n t  e q u a t i o n s  a v a i l a b l e  f o r  t h e i r  
d i rect  de t e rmina t ion ,  even i f  a l l  the remaining terms i n  t h e s e  
equa t ions  could be exper imenta l ly  eva lua ted .  To reduce t h e  number 
of  unknowns some assumptions m u s t  be made concerning t h e i r  
r e l a t i o n s h i p s ,  e .g .  , t h a t  some a r e  e i ther  equa l  o r  n e g l i g i b l e .  
Of cou r se ,  even when such assumptions are made, a c c u r a t e  determina- 
t i o n  of  t h e  remaining t e r m s  would be d i f f i c u l t  us ing  exper imenta l  
d a t a  because of the need t o  e v a l u a t e  b o t h  a x i a l  and radial  de- 
r i v a t i v e s  of v a r i o u s  terms. An a l t e r n a t i v e  approach t o  o m i t t i n g  
t e r m s ,  w h i c h  l e a d s  to  cons ide rab le  s i m p l i f i c a t i o n ,  i s  t o  make 
. The 10,11 several genera l  assumptions concerning t h e  flow 
assumptions t h a t  appear  most r easonab le  f o r  high-speed flow because 
of the  importance of a x i a l l y - d i r e c t e d  convec t ive  bu lk  f l o w  are: 
1) Both d i f f u s i o n  and energy t ransfer  i n  the  a x i a l  
d i r e c t i o n  by conduct ion and d i f f u s i o n ,  are n e g l i g i b l e  
compared t o  t h a t  i n  the  r a d i a l  d i r e c t i o n :  
2) Viscous normal stresses a r e  n e g l i g i b l e ;  
3)  Viscous shear stresses depend p r i m a r i l y  on t h s  
r a d i a l  g r a d i e n t  of a x i a l  v e l o c i t y ( 3 v  z / ax  > > av r h z )  : 
4)  The t e r m  v (ap/az) > > v ( a P / a r j  z r 
Assumtion 2 )  appears  reasonable  because an  o r d e r  of  magnitude 
a n a l y s i s  shows v i s c o u s  normal stresses a r e  n e g l i g i b l e  compared 
t o  the  p res su re  even i n  the  boundary l a y e r  where v i scous  f o r c e s  
a t t a i n  the i r  maxima. A consequence of t h i s  assumption i s  - 
PITz v z 
flow and t h a t  mr vr > > (mi; 
> > (pv,) 'Vz' which appears  r easonab le  f o r  high-speed 
it a l s o  a l lows  s i m p l i f i c a t i o n  r r  
of t h e  d i s s i p a t i o n  f u n c t i o n  3 w h i c h  becomes 
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(19)  
I f  t h e  add i t iona l  reasonable assumption i s  made t o  s implify 
Equation ( 5 )  t h a t  terms containing 
with o the r  f luc tua t ing  terms are n e g l i g i b l e ,  Equations ( 2 )  t o  ( 5 )  
become respec t ive ly ,  
(pVz) ' , p '  and h '  a s  products ** 
Diffusion Equation* 
3Y b Y .  
- a I ~ ( D + E  ) r  - = I  + pv, - - -  i 
ay - 
3 r  di pvr ar r or 
Radial  Momentum Equation 




' Z  
' 2  br (pvz) 'V ' '>! - r 
* I n  Equation (20)E has  been w r i t t e n  fo r  Ed 
di i 




These equa t ions  a l o n g  w i t h  Equat ion (1) may be i n t e g r a t e d  a s  
b e f o r e  t o  g i v e  
Con t inu i ty  Equation 
PVr  = PVZ 
D i f f u s i o n  Equation 
R a d i a l  Momentum Equat ion 
r 
- ( I L  + 
r 
S 
+ s -  g Pdr  - 
C r* 
A x i a l  Momentum Equat ion 
r d r  = 
dr  
r 
i3V z a r  s 3 1 rdr = - (p+c2) r  ar r* z aV € 2 )  ar 
r 
r* I S  
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Enerqy Equat ion 




r s z  V aV 1 
P r  m P r  
r 
c 3  u n l e s s  V p 'V '  and V p ' V '  a r e  smal l  compared t o  
[p(1- - ) + F E  (1- ')I 
s 
T 
- -  -- 
Since  c 2  r z  z r  ~ -- 
pV'V' o r  are approximately equal ,  each of t h e s e  c o e f f i c i e n t s  must r z  -~ 
be determined independent ly .  However, t h e  t r a n s f e r  of a x i a l  
momentum is g e n e r a l l y  of g r e a t e r  i n t e r e s t  than  t r a n s f e r  of r a d i a l  
momentum, which may be q u i t e  small i n  a p p l i c a t i o n s  such as f r e e  
j e t ' m i x i n g ;  t h e r e f o r e ,  € 2  f r e q u e n t l y  i s  of primary i n t e r e s t .  
F o r t u n a t e l y ,  i t  may be determined r e a d i l y  from Equat ion ( 2 9 )  and 
- - - 
exper imenta l  V , p ,  and P p r o f i l e s  ob ta ined  a t  v a r i o u s  a x i a l  - z 
s t a t i o n s ,  a s  long as t h e  assumption i s  made t h a t  p ' v '  i s  n e g l i g i b l e  
compared t o  P 3 .  
r a d i a l  p r e s s u r e  v a r i a t i o n s  i n  Equat ions ( 2 2 )  and ( 2 9 ) a s  t h e r e  
are i n  t h e  boundary l a y e r  momentum equa t ion .  I f  t h e  v i s c o u s  
t e r m s  i n  Equat ions ( 2 1 )  and (28) are n e g l i g i b l e ,  t h e s e  equa t ions  
s t i l l  would be u s e f u l  f o r  checking t h e  cons i s t ency  of t h e  i n e r t i a l  
and p r e s s u r e  t e r m s ,  and hence,  t h e  exper imenta l  measurements. 
If t h e  i n e r t i a l  t e r m s  i n  t hese  equa t ions  a l s o  w e r e  n e g l i g i b l e ,  
Equat ions (21)  and ( 2 2 )  [and (28)  and ( 2 9 ) ]  reduce t o  t h e  - 
boundary l a y e r  momentum equa t ions ,  since i n  t h i s  case aP/ar=O. 
-- 
Note t h a t  there a r e  EO r e s t r i c t i o n s  concern ing  
u s u a l  
Equat ion (3O)can be u s e d  t o  determine P r  and Le  i f  
T T i  
exper imenta l  s t a g n a t i o n  temperature  p r o f i l e s  a r e  a v a i l a b l e .  
cou r se ,  f o r  cases i n  which T 
t h e s e  p r o f i l e s  would be necessary  f o r  computation o f  T ,  p ,  and V z . 
Of - 
was no t  c o n s t a n t  throughout  t h e  flow, - - -  t 
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The s t a g n a t i o n  en tha lpy ,  H could be computed from us ing  t h e  
r e l a t i o n  
t 
S t a t i c  e n t h a l p i e s  r e q u i r e d  i n  Equat ion (30) could  be computed using 
t h e  relations 
and 
h = h Y  i i (33) 
S ince  Ed and Em a r e  determined from Equat ion ( 2 7 )  and ( 2 9 )  
Sc can be ohta ined  f r o m  t h e  r e l a t i o n  Sc  =E /E - Le can be 
Ti T i m d ’  i T i 
e l i m i n a t e d  from Equation (30) us ing  t h e  i d e n t i t y  
L e  E Pr  /scT 
i T Ti 













and Equat ion (30) so lved  f o r  P r  . 
Equation (34) can  be used t o  compute L e  
T 
of t h e  t u r b u l e n t  t r a n s p o r t  c o e f f i c i e n t s .  
Once P r  T h a s  been determined,  
T 
completing t h e  de t e rmina t ion  
i 
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I V .  PARTICULAR SOLUTION OF ENERGY EQUATION 


















i n  terms of  t h e  s t a g n a t i o n  temperature ,  T by  using t h e  r e l a t i o n s  t 
- - 
dH = C dTt 
pi i 
c = c c  T 
P i P i  i 
which y i e l d s  f o r  t h e  r a d i a l  d e r i v a t i v e  
i 
2Y aE 
a r  p a r  i a r  + c H  -
aTt - c  -- -  
( 3 5 )  
(36)  
(37) 
Neglec t ing  molecular  t r a n s p o r t  compared t o  eddy t r a n s p o r t  f o r  
s i m p l i c i t y ,  s u b s t i t u t i n g  Equation (38) i n t o  Equation ( 2 3 )  , and 
using a s i m i l a r  r e l a t i o n  f o r  t h e  a x i a l  d e r i v a t i v e ,  g i v e s  
i 
- C H  
i 
I f  Le and P r  are u n i t y ,  t h e  second I_ see Equation ( 2 0 ) j  and 
l a s t  t e r m s  on t h e  r ight-hand-side of Equat ion ( 3 9 )  a r e  i d e n t i c a l l y  
zero: t h e r e f o r e ,  f o r  t h i s  s p e c i a l  c a s e  t h e  energy equa t ion  becomes 
T i  T 
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a r  
- c c ZE r P h  + c 
C l e a r l y ,  a cons t an t  T 
The re fo re ,  if T (r)  i s  c o n s t a n t  a t  an i n i t i a l  a x i a l  s t a t i o n ,  
L e  and P r  (and t h e r e f o r e  Sc ) are un i ty , and  t h e  f low i s  
a d i a b a t i c ,  the  s t a g n a t i o n  tempera ture  w i l l  remain c o n s t a n t  and 
i s  a p a r t i c u l a r  s o l u t i o n  t o  t h i s  equa t ion .  t 
t0 
Ti T T i  
equa l  t o  T throughout t h e  flow f i e l d * .  Note t h a t  H i s  n o t  
c o n s t a n t  a l s o ,  because E i s  a f u n c t i o n  of bo th  t h e  Y ' s  and H ' s  
t 0  - - 
i i 
- 
Tt i n  gene ra l  can remain c o n s t a n t  throughout  t h e  flow f i e l d  
only when P r  ScTi, and Le a r e  u n i t y ;  t h e r e f o r e ,  t h e  procedure 
T i  - 
used i n  Reference 8 i s  aga in  i n  g e n e r a l  i n c o n s i s t e n t ,  - s i n c e  T t 
was assumed cons t an t  i n  t h e  computation of V 
v a l u e s  then  used f o r  computing v a l u e s  o f  Sc and L e  cons ide rab ly  
d i f f e r e n t  from u n i t y .  
and p, and t h e s e  
z 
i T Ti 
* T h i s  r e s u l t  was f i r s t  ob ta ined  from a n a l y s i s  of computer ou tpu t :  
t h e  a n a l y s i s  presented  h e r e i n  was undertaken a t  t h e  sugges t ion  of 
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V. TEST OF NUMERICAL TECHNIQUE 
The major d i f f i c u l t y  i n  ob ta in ing  t u r b u l e n t  t r a n s p o r t  
c o e f f i c i e n t s  from experimental  d a t a  i s  t h e  e v a l u a t i o n  of t h e  a x i a l  
d e r i v a t i v e s  of t h e  i n t e g r a l s  i n  Equat ions  ( 2 7 )  t o  ( 3 0 ) .  I n  
o rde r  t o  e s t a b l i s h  t h e s e  d e r i v a t i v e s ,  exper imenta l  p r o f i l e s  m u s t  
be a v a i l a b l e  a t  a minimum of t h r e e  o r  four  a x i a l  s t a t i o n s ,  so 
t h a t  a polynomial can be f i t t e d  and d i f f e r e n t i a t e d .  
o f  t h e  polynomial can be up t o  one less than  t h e  number of 
a x i a l  s t a t i o n s  a v a i l a b l e .  However, t h e  g r e a t e r  t h e  o r d e r ,  t h e  
more f r e q u e n t  and extreme can be i t s  o s c i l l a t i o n s  and t h e  more 
e r r a t i c  t h e  d e r i v a t i v e s .  U s e  of a lower o rde r  least  squares  
f i t  would smooth t h e  experimental  d a t a ,  b u t  some of t h e  r e s u l t i n g  
d e t a i l s  of  t h e  d i s t r i b u t i o n  would be l o s t .  Because adequate  
exper imenta l  p r o f i l e s  g e n e r a l l y  a r e  n o t  a v a i l a b l e  a t  more than  
fou r  or f i v e  a x i a l  s t a t i o n s ,  it i s  impor tan t  t o  determine whether 
o r  n o t  s a t i s f a c t o r y  a x i a l  d e r i v a t i v e s  can be ob ta ined  from such 
d a t a .  Therefore ,  a t es t  case  w a s  p repared  by assuming i n i t i a l  
hydrogen c o n c e n t r a t i o n ,  and a x i a l  v e l o c i t y  p r o f i l e s  of t h e  form 
The o r d e r  
- 
Y = Oi45 + 0.45 c o s ( 2 r )  (41) 
( 4 2 )  
- 
V = 1000 + l O O r  z 
where r v a r i e d  from 0 t o  2 inches (F igures  1 and 2 ) .  For 
s i m p l i c i t y ,  t h e  s t a g n a t i o n  temperature  w a s  assumed c o n s t a n t  
a t  t h e  i n i t i a l  ax ia l  s t a t i o n  because i n  many co ld  flow mixing 
s t u d i e s ,  i n  which t h e  s t a g n a t i o n  temperature of t h e  g a s e s  t o  be 
mixed are  equal  p r i o r  t o  mixing, measured s t a g n a t i o n  tempera tures  
v a r y  only  a few pe rcen t  throughout t h e  mixing r eg ion  . , A l s o  
f o r  s i m p l i c i t y ,  t h e  s t a t i c  p re s su re  was assumed equal  t o  be 
atmospheric  throughout  t h e  flow, and no r a d i a l  momentum t r a n s f e r  
was cons idered .  
8,lO 
Using a GASL program f o r  t h e  numerical  i n t e g r a t i o n  
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7 
of t h ?  d i f f u s i o n ,  momentum, and energy e q u a t i o n s  , c o n c e n t r a t i o n ,  
v e l o c i t y ,  and d e n s i t y  p r o f i l e s  w e r e  gene ra t ed  a t  numerous down- 
s t ream s t a t i o n s ,  assuming a cons t an t  t u r b u l e n t  mass t r a n s f e r  
c o e f f i c i e n t ,  5 = pEd = 0 . 0 2  lbm/ft-sec and Sc P r  and L e  T '  T T 
t o  b.2 uni ty* .  Three computed c o n c e n t r a t i o n  and v e l o c i t y  p r o f i l e s  
a t  i n t e r v a l s  of approximately 5 i n  ( i n  a d d i t i o n  t o  t h e  i n i t i a l  
- 
p r o f i l e s )  were s e l e c t e d  f o r  t h e  t es t  case ;  t h e s e  p r o f i l e s  a r e  
p re sen ted  i n  F i g u r e s  1 and 2 .  
The gene ra l  geometry and p r o f i l e s  s e l e c t e d  w e r e  s i m i l a r  
t o  t h o s e  used i n  Reference 18. These p r o f i l e s  w e r e  u s e d  a s  
i n p u t  t o  t h e  computer program" developed f o r  t h e  de t e rmina t ion  
of Ed and E (and 4 )  which e v a l u a t e s  each t e r m  i n  Equat ions ( 2 7 )  
and (29) and so lves  f o r  t h e  t r a n s p o r t  c o e f f i c i e n t s .  Equation ( 2 8 )  
w a s  not used i n  t h e  tes t  case because r a d i a l  momentum t r a n s f e r  
had not  been considered i n  t h e  computation of t h e  t es t  p r o f i l e s .  
m 
The i n t e g r a l s  i n  Equat ions (12), ( 2 7 ) ,  and (29) w e r e  
eva lua ted  numerical ly  by i n t e r p o l a t i n g  t h e  Y ,  v and p r o f i l e s  
a t  250 r a d i a l  p o s i t i o n s  and us ing  t h e  t r a p e z o i d a l  r u l e :  t h e i r  
a x i a l  v a r i a t i o n s  w e r e  de te rmina ted  by f i t t i n g  a second o rde r  
( f o r  maximum smoothing) t r u n c a t e d  Laurent polynomial i n  f / ( z + f a )  
and d i f f e r e n t i a t i n g  t h e  polynomiaf? 
a i  / a r  w e r e  determined by numerical  d i f f e r e n t i a t i o n  o f  t h e  con- 
c e n t r a t i o n  and v e l o c i t y  d a t a ,  us ing  a f i v e - p o i n t ,  second-order,  
running-smoothing r o u t i n e  , and 5 was c a l c u l a t e d  from Y , V  and T 
us ing  t h e  p e r f e c t  g a s  law and t h e  assumption t h a t  and remained 
c o n s t a n t .  
Z 
The t e r m s  ?y/6r and  
z 
- -  13 
Z 
t 
* The s u b s c r i p t  i i s  dropped f o r  t h e  b i n a r y  hydrogen-air  s y s t e m  
cons idered .  
** f and a a r e  c o n s t a n t s  which depend on t h e  magnitude of  t h e  
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R e s u l t s  of t h e s e  computations a r e  p re sen ted  i n  F igu res  3 and 4.  
Unfo r tuna te ly ,  t h e  computer program used t o  g e n e r a t e  t h e  p r o f i l e s  
i n  F i g u r e s  1 and 2 d i d  n o t  compute c l o s e l y  spaced g r i d  p o i n t s  
near  t h e  c e n t e r l i n e  because t h e  stream f u n c t i o n ,  a, w a s  used 
a s  t h e  r a d i a l  coord ina te .  A l s o  computing t ime was g r e a t l y  
i n c r e a s e d  a s  t h e  number of r a d i a l  g r i d  p o i n t s  i nc reased :  t h e r e f o r e ,  
t h e  number o f  g r i d  p o i n t s  t h a t  could be used t o  demonstrate  t h e  
e f f e c t  o f  g r i d  spac ing  was r a t h e r  l i m i t e d .  A s  shown i n  F igu re  3 
few g r i d  p o i n t s  r e s u l t e d  i n  very l a r g e  p o i n t  spac ings  near  
t h e  c e n t e r l i n e ,  which y i e l d e d  e x c e s s i v e l y  l a r g e  v a l u e s  of a??/ar 
and 3v / a r  (because o f  symmetry t h e s e  t e r m s  always should equal  
ze ro  a t  t h e  c e n t e r l i n e )  and cor respondingly  s m a l l  v a l u e s  o f  5 i n  
this r eg ion .  
z 
I n  F igure  3 ,  t h e  case  des igna ted  " I n t e r p o l a t e d "  was ob ta ined  
by s e l e c t i n g  only  f i v e  p o i n t s  from t h e  computed p r o f i l e s  i n  F igu res  1 
and 2 ,  and i n t e r p o l a t i n g  an a d d i t i o n a l  36  p o i n t s  u s ing  a second 
o r d e r  i n t e r p o l a t i o n  r o u t i n e ,  machine p l o t t i n g  t h e  r e s u l t s  t o  a 
l a r g e  scale, and smoothing any i n t e r p o l a t i o n  e r r o r s  by hand. 
Although only  41 g r i d  p o i n t s  were used a t  each a x i a l  s t a t i o n  i n  
t h e  i n t e r p o l a t e d  case ,  t h e i r  c l o s e r  spac ing  near  t h e  c e n t e r l i n e  
r e s u l t e d  i n  much b e t t e r  agreement w i t h  t h e  i n p u t  v a l u e  of 
5 = 0.02 (F igure  3 )  than  d i d  t h e  41  p o i n t  c a s e  i n  which each g r i d  
p o i n t  was exact ( taken  d i r e c t l y  from F i g u r e s  1 and 2 )  b u t  n o t  
c l o s e l y  spaced a t  t h e  c e n t e r l i n e .  Unfo r tuna te ly ,  because t h e  
case of t h e  100 g r i d  p o i n t s  r equ i r ed  excess ive  computing t i m e  
f o r  t h e  numerical  i n t e g r a t i o n  wi th  which Y ,  Vz, and 
w e r e  computed, it was necessary t o  l i m i t  t h e  a x i a l  d i s t a n c e  over 
which t h e s e  p r o f i l e s  were computed t o  only  1 . 5  i n .  r a t h e r  than  15 i n .  
a s  was ob ta ined  f o r  t h e  2 1  and 41 g r i d  p o i n t s .  
- -  
p r o f i l e s  
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From Equations (27 )  t o  (30), it i s  obvious t h a t  v a l u e s  of  
t h e  t r a n s p o r t  c o e f f i c i e n t s  cannot be ob ta ined  3 t h e  c e n t e r l i n e  
s i n c e  both t h e  i n t e g r a l  t e r m s  as w e l l  a s  t h e  r a d i a l  d e r i v a t i v e s  
a r e  z e r o  a t  t h i s  p o i n t .  Of cou r se ,  t r a n s p o r t  c o e f f i c i e n t s  can 
be o b t a i n e d  a s  c l o s e  t o  t h e  c e n t e r l i n e  a s  d e s i r e d  a s  long as  
r e l i a b l e  da t a  (o r  i n t e r p o l a t i o n s )  a r e  a v a i l a b l e .  However, t h e  
c o e f f i c i e n t s  could be eva lua ted  a t  t h e  c e n t e r l i n e  i f  t h e  appro- 
p r i a t e  forms of Equat ions (20) t o  (23) a r e  used. The symmetry 
m n d i t i o n s  a l low s i m p l i f i c a t i o n  of t h e s e  e q u a t i o n s  a t  t h e  
c e n t e r l i n e  t o  g ive* ,  
C e n t e r l i n e  Di f fus ion  Equation 
C e n t e r l i n e  Radial  Momentum Equat ion 
- 
v = o  r 
C e n t e r l i n e  Axial  Momentum Equation 
C e n t e r l i n e  Enerqy Equation 
- aE k a2E + 
Pvz az - = 2 ( ~  + :Eh) -2 P a r  
+ 1 
T 
+22; i [I3 (1- F )  +Ed 
Le 
+ 1 [ p ( l -  -)+CE 1 (1- - 1 z 
T 



























Values  of the  t r a n s p o r t  c o e f f i c i e n t s  a t  t h e  c e n t e r l i n e  i n  p r i n c i p l e  
can be ob ta ined  from t h e s e  equat ions .  Of course, extremely a c c u r a t e  
c lose ly-spaced  experimental  d a t a  (or  i n t e r p o l t a t i o n s )  would have 
t o  be a v a i l a b l e  f o r  t h e  eva lua t ion  o f  second d e r i v a t i v e s .  The 
a l t e r n a t i v e  of using Equat ions ( 2 7 )  t o  (30) t o  determine t r a n s p o r t  
c o e f f i c i e n t s  a s  c l o s e  t o  t h e  a x i s  as p o s s i b l e  and then  e x t r a p o l a t i n g  
smooth cont inuous curve  t o  t h e  c e n t e r l i n e  (us ing  t h e  symmetry 
c o n d i t i o n s )  i s  ve ry  appea l ing  s ince  i n  t h i s  procedure t h e  d i f f i c u l t  
problem of t h e  e v a l u a t i o n  of second d e r i v a t i v e s  i s  e l imina ted .  
R e s u l t s  ob ta ined  wi th  t h e  I n t e r p o l a t e d  case i n  F igure  3 show t h i s  
la ter  procedure y i e l d s  reasonable  r e s u l t s .  
I n  t h e  i n t e r m e d i a t e  r eg ion  between 0 . 2  t o  1 . 5  i n .  i n  F igu re  3 ,  
t h e  v a l u e  of t h e  t r a n s p o r t  c o e f f i c i e n t s  f o r  a l l  fou r  curves  had 
a maximum d e v i a t i o n  from t h e  c o r r e c t  va lue  of o n l y  &25%. This  
agreement i s  r a t h e r  remarkable cons ider ing  t h a t  f o r  t h e  c a s e  o f  
21 g r i d  p o i n t s  on ly  s l i g h t l y  more than  a t o t a l  of 80 i n p u t  p o i n t s  
w e r e  used a t  t h e  f o u r  a x i a l  s t a t i o n s ,  each sepa ra t ed  from t h e  o t h e r  
by 5 i n . ,  and t h a t  i n  t h e i n t e r p o l a t e d  case  a t o t a l  o f  on ly  20 
o r i g i n a l  p o i n t s  was used, some of  which w e r e  more t h a n  0.5 i n .  
from ne ighbor ing  p o i n t s  of  t h e  p r o f i l e .  The o s c i l l a t i o n s  t h a t  
occur  i n  t h e  I n t e r p o l a t e d  case  (F igure  3 )  p r i m a r i l y  w e r e  caused 
by  t h e  d i f f i c u l t y  i n  d i f f e r e n t i a t i n g  i n t e r p o l a t e d  d a t a  ,and t h e  
d i s c r e p a n c i e s  i n  t h e  hydrogen mass ba l ances  which r e s u l t e d  i n  
i n a c c u r a c i e s  i n  a Y / a r  and i n  the  a x i a l  d e r i v a t i v e s  of t h e  i n -  
t e g r a l  i n  Equation ( 2 7 ) .  However, t h e s e  r e s u l t s  c l e a r l y  demonstrate  
t h a t  ve ry  reasonable  approximations of  t r a n s p o r t  c o e f f i c i e n t s  




F igu res  3 and 4 show t h a t  a t  r a d i a l  p o s i t i o n s  g r e a t e r  than  
1 .5  i n .  a t  which Y approachs zero  (F igure  1) v a l i d  c o e f f i c i e n t s  
cannot be obtained.  I n  t h i s  r eg ion ,  bo th  t h e  a x i a l  d e r i v a t i v e  
o f  t h e  i n t e g r a l  i n  Equat ion (27 )  and ayhr approach ze ro  a s  t h e  
f r e e  s t ream i s  approached, so t h a t  t h e i r  r a t i o  cannot  be 
a c c u r a t e l y  determined. A s  r+oo and each o f  t h e s e  t e r m s  becomes 
ze ro ,  t h e  computer d e s i g n a t e s  0/0 as 0.  
- 
Figure  4 i l l u s t r a t e s  t h e  e f fec t  of  ax i a l  s t a t i o n  on 5 f o r  
t h e  41  p o i n t  g r i d .  B e s t  r e s u l t s  a r e  ob ta ined  a t  i n t e r m e d i a t e  
a x i a l  s t a t i o n s  r a t h e r  than  a t  t h e  end p o i n t s :  of c o u r s e ,  t h i s  
r e s u l t  would be expected because of  t h e  d i f f i c u l t y  i n  o b t a i n i n g  
a c c u r a t e  s lopes  from polynomial f i t s  a t  end p o i n t s .  However, 
ve ry  reasonable  agreement w a s  ob ta ined  between t h e  computed and 
i n p u t  v a l u e s  of 5 a t  t h e  i n t e r m e d i a t e  a x i a l  s t a t i o n s  f o r  t h i s  
case .  
The gene ra l  conclus ions  t o  be ob ta ined  from t h i s  t es t  c a s e  
i s  t h a t  approximate v a l u e s  of t h e  t u r b u l e n t  t r a n s p o r t  c o e f f i c i e n t s  
can be obta ined  from a l i m i t e d  number of exper imenta l  d a t a  p o i n t s ,  
a s  long as  the  o r i g i n a l  p o i n t s  a r e  reasonably  a c c u r a t e .  However, 
s i n c e  p o i n t  spacing i s  impor tan t  even when t h e  d a t a  p o i n t s  a r e  
e x a c t ,  some ambiguity of  r e s u l t s  i s  t o  be expec ted  when us ing  
exper imenta l  p r o f i l e s .  That i s ,  reasonably  c l o s e l y  spaced 
a c c u r a t e  experimental  d a t a  mus t  be used i n  o r d e r  t o  o b t a i n  d e t a i l e d  
v a r i a t i o n s  of  t h e  t r a n s p o r t  c o e f f i c i e n t s .  
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APPENDIX A 
EXPERIMENTALLY DETERMINED TURBULENT 
TRANSPORT COEFFICIENTS 
One o b j e c t i v e  of t h e  p re sen t  i n v e s t i g a t i o n  w a s  t o  use  t h e  
numerical  t echnique  presented  h e r e i n  t o  determine t u r b u l e n t  t r a n s -  
port  c o e f f i c i e n t s  f o r  t h e  case of supe r son ic ,  c o a x i a l ,  free-jet  
mixing. Unfor tuna te ly ,  no completely adequate  (c losely-spaced)  
exper imenta l  d a t a  w e r e  a v a i l a b l e  f o r  t h i s  purpose.  However , expe r i -  
mental  d a t a  presented  i n  Reference 8 ,  which g e n e r a l l y  conta ined  
f i v e  or s i x  r a d i a l  exper imenta l  d a t a  p o i n t s  a t  each of s i x  ax ia l  
s t a t i o n  could be used i f  add i t ion  p o i n t s  w e r e  genera ted  by i n t e r -  
p o l a t i o n  as had been done i n  the  I n t e r p o l a t e d  t e s t  case p r e v i o u s l y  
d i scussed .  Of cour se ,  i n  the  p resen t  c a s e  the experimental  d a t a  
p o i n t s  w e r e  no t  n e c e s s a r i l y  exac t ,  as t h e y  had been i n  the tes t  
c a s e  (where t h e  p o i n t s  w e r e  computed); t h e r e f o r e ,  any e r r o r s  i n  
t h e  o r i g i n a l  p o i n t s  w e r e  t r a n s m i t t e d  t o  the i n t e r p o l a t e d  p o i n t s ,  
so t h a t  d i s c r e p a n c i e s  i n  the o r i g i n a l  p o i n t s  w e r e  magnified when 
t h e  r e s u l t i n g  p r o f i l e s  w e r e  d i f f e r e n t i a t e d .  C l e s r l y ,  d e t a i l e d  
v a r i a t i o n  of  t u r b u l e n t  t r a n s p o r t  c o e f f i c i e n t s  on ly  can be obta ined  
from c lose ly-spaced ,  accurate d a t a  p o i n t s .  
me d a t a  of  Reference 8 obtained f o r  the case of c o a x i a l ,  
f r e e - j e t  mixing of subsonic  hydrogen (M=O.5 t o  0.9)  w i t h  a 
surrounding Mach 1.6 a i r  j e t  (1.1 lb/sec) a t  an o v e r a l l  equiva lence  
r a t i o  (ER) of 0.10 t o  0.25. S tagnat ion  tempera ture  and s t a t i c  
p r e s s u r e  w e r e  assumed c o n s t a n t  throughout  the mixing r e g i o n  i n  t h e  
computation of v e l o c i t i e s  and d e n s i t i e s  as had been done i n  
Reference 8. Typica l  concen t r a t ion  and v e l o c i t y  p r o f i l e s  ob ta ined  
a t  s ix  a x i a l  s t a t i o n s  between 4 and 9 i n .  downstream of  the i n -  
j e c t i o n  s t a t i o n  are p resen ted  i n  F igu res  5 and 6 f o r  a hydrogen 
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mass flow r a t e  of approximately 0.007 lb/sec (M=0.89) i n t o  a 1.1 
lb/sec, Mach 1.6 a i r  s t ream (ER = 0 . 2 5 ) .  O r i g i n a l  d a t a  p o i n t s  
a r e  p l o t t e d  as  symbols i n  t h e s e  f i g u r e s ;  the  f i n a l  i n t e r p o l a t e d  
(and somewhat smoothed) p r o f i l e s  used  t o  d e t e r m i n e  t he  t u r b u l e n t  
t r a n s p o r t  c o e f f i c i e n t s  are p l o t t e d  a s  s o l i d  l i n e s ,  Condi t ions  
f o r  th i s  r u n ,  des igna ted  Case C ,  are summarized i n  Table  1, 
along wi th  r u n s  A and B. The mass and momentum ba lances  com-  
puted a t  each a x i a l  s t a t i o n  are p resen ted  i n  Table  2 .  A 
s u f f i c i e n t  number of p o i n t s  w e r e  i n t e r p o l a t e d  f o r  each of t h e  
exper imenta l  p r o f i l e s ,  so  t h a t  a t o t a l  of more t h a n  40 p o i n t s  
w e r e  a v a i l a b l e  a t  each a x i a l  s t a t i o n .  G r i d  spac ing  a t  the 
c e n t e r l i n e  was approximately 0.017 i n .  and a t  the free s t ream 
0.020 i n ,  
* 
The t u r b u l e n t  mass t r a n s f e r  c o e f f i c i e n t ,  [, a s  w e l l  a s  the 
- 
([=pEd) and the  eddy d i f f u s i v i t y  
Ed 
eddy d i f  f u s i v i t y  of mass, 
of momentum, E m w e r e  obtained us ing  Equat ions ( 2 7 )  and ( 2 8 ) ,  and 
t h e  procedure p r e v i o u s l y  d i s c u s s e d .  Typica l  r e s u l t s ,  ob ta ined  
f o r  Case C ,  are p resen ted  i n  Table  3 .  A s  a n t i c i p a t e d  c o n s i d e r a b l e  
v a r i a t i o n  occurred i n  these t r a n s p o r t  c o e f f i c i e n t s  because of the 
i n c o n s i s t e n c i e s  i n  the mass ba l ances  and the d i f f i c u l t i e s  i n h e r e n t  
i n  d i f f e r e n t i a t i n g  i n t e r p o l a t e d  exper imenta l  d a t a  s t a r t i n g  w i t h  
on ly  a few o r i g i n a l  d a t a  p o i n t s .  I n  a d d i t i o n ,  some e r r o r  may have 
been in t roduced  i n  the v e l o c i t y  p r o f i l e s  by t h e  assumption t h a t  
t h e  l o c a l  f r e e  s t ream s t a t i c  p r e s s u r e  and the s t a g n a t i o n  temper- 
a t u r e  w e r e  cons t an t  throughout  the mixing r e g i o n .  
problems, better va lues  of E w e r e  ob ta ined  by assuming Sc = 1 
t h a n  by d i r e c t  d i f f e r e n t i a t i o n  of the v e l o c i t y  p r o f i l e s ,  
exper imenta l  v a l u e s  of E and Sc are n o t  r e p o r t e d .  Desp i t e  the 
v a r i a t i o n  t h a t  occurred i n  t h e  de r ived  t r a n s p o r t  c o e f f i c i e n t s ,  
c e r t a i n  t r e n d s  appeared,  which g e n e r a l l y  w e r e  c o n s i s t e n t  f o r  each 
of the c a s e s  analyzed. 























* For the purpose of t h e  i n i t i a l  computat ions,  t h e  a x i a l  symmetry 
i n d i c a t e d  by t h e  dashed l i n e s  i n  F i g u r e s  5 t o  8 was n o t  cons idered;  
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A s  a f i r s t  approximation,  a model w a s  c o n s t r u c t e d  s i m p l i f y i n g  
the major t r e n d s  shown i n  Table 3 t o  i n c l u d e  on ly  r a d i a l  dependence 
of [ and E 
w e r e  a t  l eas t  a v a l i d  f i rs t  approximation, the  program f o r  t h e  
numer ica l  i n t e g r a t i o n  of  the d i f f u s i o n ,  momentum, and energy  
e q u a t i o n s  
downstream l o c a t i o n s  u s i n g  t h e  s i m p l i f i e d  t r e n d s  a s  i n p u t  t o  t h e  
program. This t e s t  w a s  s i m i l a r  t o  t h o s e  p rev ious ly  r e p o r t e d  , 
except f o r  two impor tan t  d i f f e r e n c e s :  1). I n  the p r e s e n t  
numer ica l  i n t e g r a t i o n  t echn ique ,  the stream f u n c t i o n ,  t b ,  w a s  
used as t he  r a d i a l  c o o r d i n a t e .  Because of t h i s  t r ans fo rma t ion  
the  r a d i a l  v e l o c i t y ,  
as w a s  p rev ious ly  r e q u i r e d ;  only E needed t o  be s p e c i f i e d  when 
the assumption w a s  made t h a t  Sc = Le = Pr = 1. There fo re ,  
the agreement ob ta ined  between computed and exper imenta l  pro- 
f i l e s  w a s  a d i r e c t  e v a l u a t i o n  of the  v a l i d i t y  of the p a r t i c u l a r  
model b e i n g  t e s t e d .  2 ) .  A v a r i a b l e  r a d i a l  g r i d  spac ing  i n  
p h y s i c a l  c o o r d i n a t e s  w a s  used i n  Reference  10 w h i c h  s i g n i f i -  
c a n t l y  reduced the number of r a d i a l  g r i d  p o i n t s  r e q u i r e d ,  t h e r e b y  
g rea t ly  s h o r t e n i n g  computing t i m e .  R e s u l t s  are p resen ted  f o r  a l l  
t r i a l s  and a l l  cases i n  Tables 4 t o  1 2  and f o r  the best r e s u l t s  
I n  o r d e r  t o  determine whether or n o t  these t r e n d s  d -  
7 w a s  used t o  compute ?, 7 and 0 p r o f i l e s  a t  v a r i o u s  
2 )  
10 
- 
d i d  no t  have  t o  be s p e c i f i e d  i n  advance vr 
d 
T T T 
w i t h  C a s e  C i n  F i g u r e s  7 and 8 ;  agreement between exper imenta l  
and computed concen t r a t ion  and v e l o c i t y  p r o f i l e s  i s  r easonab ly  
good f o r  the l a s t  t r i a l  i n  each ease, as shown i n  Tables 5,6,8,9, 
11, and 1 2 .  The t r a n s p o r t  c o e f f i c i e n t s  used i n  these numer ica l  
i n t e g r a t i o n s  are t a b u l a t e d  i n  Tables 4,7, and 10 ;  l i n e a r l y  i n t e r -  
p o l a t e d  v a l u e s  w e r e  used a t  r a d i a l  p o s i t i o n s  i n t e r m e d i a t e  t o  
those t a b u l a t e d .  Comparison of t h e  v a r i o u s  cases shows tha t  a 
r e l a t i v e l y  s m a l l  change i n  E or  6 r e s u l t s  i n  a rather l a rge  
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s i g n i f i c a n t  a change i n  the computed v e l o c i t y  prof i les .  
r easonab le  agreement w a s  a t t a i n e d  us ing  the simple t r e n d s .  
Add i t iona l  computer t r i a l s  must be made i n  order t o  de te rmine  
whelther E and 6 i s  more basic f o r  c o r r e l a t i o n  of data .  
Fu r the r  evidence concerning t h i s  impor tan t  p o i n t  could be 
obta ined  i n  f u t u r e  work by ana lyz ing  the argon and he l ium 
mixing d a t a  also a v a i l a b l e  i n  Reference 8 ,  
Also, 
d 
Because an i n s u f f i c i e n t  number of da t a  p o i n t s  w e r e  a v a i l -  
able t o  a c c u r a t e l y  d e f i n e  r a d i a l  p r o f i l e s ,  e s p e c i a l l y  a t  the 
c e n t e r l i n e  where symmetry r e q u i r e d  t h a t  ;3?/ar and a? /W=O 
(see F igures  5 and 6 ) ,  c o s i n e  p r o f i l e s  of the f o r m  
Z 
- 
Y = Y + A cos  (a) (A-1) 
0 - 
V = V + B cos (pr )  z z 
0 
(A-2) 
w e r e  f i t t e d  through exper imenta l  p o i n t s  located a t  r a d i a l  pos i -  
t i o n s  of 0 ,  0.125, and 0.25 i n ,  These c o s i n e  f i t s  w e r e  more 
g e n e r a l  t h a n  t h o s e  used i n  Reference 8 ,  i n  which t w o  rather 
t h a n  three a r b i t r a r y  c o n s t a n t s  w e r e  used. A s  shown i n  Tables 
1 3  and 14 considerable smoothing of b o t h  Ed and 6 occurred us ing  
these f i t s ;  however, o v e r a l l  r e s u l t s  w e r e  no t  d r a s t i c a l l y  changed 
f r o m  t h o s e  obtained w i t h  the smoothed data,  except  t ha t  v a l u e s  
near  the c e n t e r l i n e  w e r e  i nc reased  because the c u r v a t u r e  o f  the 
c o s i n e  i s  maximum a t  the o r i g i n .  
The good agreement between computed and exper imenta l  ? and 
v p r o f i l e s  shown i n  F igu res  7 and 8 and i n  Tables  5,6,8,9,11, 
and 1 2 ,  obtained us ing  the s i m p l i f i e d  t r e n d s ,  s u b s t a n t i a t e  t he  
v a l i d i t y  of t h e s e  t r e n d s  and sugges t  t ha t  f o r  these data  r a d i a l  
v a r i a t i o n  of the t r a n s p o r t  c o e f f i c i e n t s  i s  more s i g n i c a n t  t h a n  
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‘ d i s t a n c e  from the c e n t e r l i n e  t o  t h e  free stream. S i m i l a r  t r e n d s  
w e r e  r e p o r t e d  i n  Reference  19 f o r  subsonic  f low between t w o  
para l le l  plates .  Fur the r  i n v e s i t g a t i o n  i s  r e q u i r e d  t o  conf i rm these 
impor t an t  p o i n t s .  
Radial Distance (inches) 
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FIGURE 6 - EXPERIMENTAL VELOCITY PROFILES,  CASE C 
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TABLE 7 
TURBULENT TRANSPORT COEFFICIENTS USED IN 
NUMERICAL INTEGRATION, CASE B* 
TRIAL 
























* In all trials the assumption was made that E d = E m , 
i.e., scT = 1  
** Linear interpolations was used for evaluation of coefficients 1 
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TABLE 1 0  
TURBULENT TRANSPORT C O E F F I C I E N T S  USED I N  
NUMERICAL INTEGRATION, CASE C* 
T R I A L  
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* In all trials the assumption was made that E =E d m' i.e., Sc = 1. 
T -  
** Lixear interpolation w a s  used f o r  evaluation of coefficients 
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